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Two prominent efforts aimed at probing beyond Standard Model physics, searches for a neutron
electric dipole moment (EDM) and measurements of the muon g − 2 anomalous magnetic moment,
employ spin precession techniques. In the most recent neutron EDM experiment, frequency shifts
induced by magnetic field gradients and E×v motional fields were a significant source of systematic
error. We consider the possibility of a similar effect in the most recent muon g− 2 experiment, and
find that such an effect could potentially be as large as ∼ 1 ppm fractional error, to be compared
with the reported ∼ 0.5 ppm error.
A vast literature exists on the interactions of spin-
1/2 particles with electromagnetic fields. One particu-
lar problem concerns the impact of field non-uniformities
on the particles’ Larmor spin precession frequencies and
spin relaxation rates (see Ref. [1] for a recent review
of the historical literature on this topic). For the case
in which these particles are moving in a highly-uniform
magnetic field with small non-uniformities and a non-zero
electric field, magnetic fields oriented in the transverse
direction relative to the primary magnetic field direction
can induce frequency shifts in the particles’ Larmor spin
precession frequencies. If such an experiment employs
both electric and magnetic fields, there are, in general,
two possible sources of transverse magnetic fields: gra-
dients in the magnetic field, leading to off-primary-axis
transverse field components, and relativistic E×v/c2 mo-
tional magnetic fields. Considerations of such are then
of paramount importance to the interpretation of results
from a precision measurement of a Larmor spin preces-
sion frequency.
Two prominent efforts at the forefront of the quest
to probe beyond Standard Model physics via low-energy
precision measurements [2, 3] employ Larmor spin preces-
sion techniques in electric and magnetic fields: searches
for a non-zero neutron electric dipole moment [4–7], and
precision measurements of the muon g − 2 anomalous
magnetic moment [8–11]. Control of systematic errors is
of central importance to both of these experiments.
In neutron electric dipole moment (EDM) experiments,
a value for (or a limit on) the EDM is deduced from a
comparison of the neutron’s spin precession frequencies
in parallel and anti-parallel electric E and magnetic B
fields. Of course, in a realistic laboratory setting, the
magnetic field is neither perfectly uniform or stable with
time, which becomes problematic if any field fluctuations
are correlated with reversal of the E and B field direc-
tions relative to each other. To mitigate such effects, pre-
cision magnetometry using so-called “co-magnetometer”
atoms [5, 12–16] then provides for a sensitive in situ mea-
surement of the time dependence of the volume-averaged
magnetic field sampled by the co-magnetometer ensem-
ble, 〈|B|〉V, and therefore that sampled by the neu-
trons. The value for 〈|B|〉V extracted from these co-
magnetometer measurements [17] or nearby atomic mag-
netometers [18, 19], is then used to correct for time vari-
ations in the magnetic field.
However, the results from the most recent neutron
EDM experiment [20, 21] have triggered a paradigm shift
in the neutron EDM community, where now detailed
knowledge of the magnetic field gradients ∂Bi/∂xj and
electric field inhomogeneities, and thus the time depen-
dence of the magnitude and direction of the effective mag-
netic field experienced by the neutrons, is recognized to
be of comparable importance to 〈|B|〉V. This paradigm
shift was catalyzed by the experimental observation of
systematic shifts in the measured spin precession fre-
quencies resulting from the neutrons experiencing time-
dependent transverse magnetic fields from those sources
noted earlier, magnetic field gradients and the E× v/c2
motional magnetic field [22–27]. Particularly problem-
atic was the observation (and, in fact, the experimental
measurement thereof [21, 23]) that there is a contribution
to this frequency shift linear in E, which thus carries the
false signature of a neutron EDM. There are also B2 and
E2 contributions to this frequency shift [1, 23].
Here we consider the possibility of a similar fre-
quency shift in the most recent g−2 experiment [28–30].
The general principle of this experimental technique is
that muons undergoing relativistic cyclotron motion are
stored in a circular storage ring with a highly uniform
magnetic field (non-uniformities at theO(10−6) level over
length scales of O(10) cm) and a quadrupole electric
field employed for vertical confinement. The experiment
probes the difference between the muons’ spin preces-
sion and cyclotron frequencies, the anomalous precession
frequency, which is directly proportional to the (g− 2)/2
anomaly. Operation of the experiment at the “magic mo-
mentum” with muons whose Lorentz factor is γ = 29.3
yields, at lowest order, an insensitivity of the measured
anomalous precession frequency to the existence of any
electric field. In the model we construct below, we trans-
form into the frame associated with the ideal “magic mo-
mentum”, and then consider perturbations to this motion
due to the presence of betatron oscillations. The presence
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FIG. 1. (Color online) Panel (a): Schematic diagram of posi-
tive muon trajectories in a muon g−2 experiment, with R0 the
cyclotron radius. The red circular arrows indicate the nom-
inal spin precession direction for the primary field direction
along −yˆ. The indicated (xˆ, yˆ, zˆ) coordinate system defines
the lab frame. Panel (b): (xˆc.s., yˆc.s.) coordinate system for a
cross-sectional view within the muon storage ring beam pipe,
whose radius is denoted by r. The origin (xc.s., yc.s.) = (0, 0)
is at the center of the cross-sectional area (i.e., beam pipe).
Thus, xc.s.(t) quantifies time-dependent perturbations of the
muon’s lab frame radial position from the nominal cyclotron
radius R0, while yc.s.(t) = y(t) quantifies time-dependent ver-
tical perturbations.
of these betatron oscillations in this frame causes the
muons to experience time-varying fields as they sample
the gradients in the electric and magnetic fields, resulting
in a frequency shift. We then transform this frequency
shift back to the laboratory frame, in which the measure-
ment is performed.
To begin, a schematic representation of the motion of
positive muons in their storage ring is shown in panel (a)
of Fig. 1, which assumes azimuthal symmetry along the
storage ring. We associate a fixed (xˆ, yˆ, zˆ) lab frame co-
ordinate system with the indicated top-view geometry of
the storage ring. A cross-sectional view within the inte-
rior of the storage ring beam pipe is shown in panel (b);
here, we associate a (xˆc.s., yˆc.s., zˆc.s.) coordinate system
with this cross-sectional view. As noted there, we de-
fine (xc.s., yc.s.) = (0, 0) to be at the center of this cross-
sectional area. Thus, any time-dependent perturbations
to the muon’s lab frame radial position from its nominal
cyclotron radius R0 would appear as a non-zero value for
xc.s., and any such vertical perturbations as a non-zero
value for yc.s.. The cross-sectional coordinate yˆc.s. is, of
course, aligned with the lab frame yˆ.
For our model of the fields in the lab frame, we take
the primary B field to be oriented along the −yˆ =
−yˆc.s. direction. In the most recent g − 2 experiment,
a precise map of the non-uniformities in |B| was con-
structed following a heroic effort in which a large num-
ber of field measurements along the storage ring were
carried out with scalar magnetometers on a moving trol-
ley system [30]. The resulting azimuthally-averaged non-
uniformities in B in this (xˆc.s., yˆc.s.) coordinate system
were presented in Ref. [30]. Given this azimuthal sym-
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FIG. 2. Calculated homogeneity of the magnetic field per
our model. The contour lines correspond to 0.5 ppm non-
uniformities in |B|. This is to be compared to the measured
field non-uniformities presented in Fig. 1 of Ref. [29].
metry, the fields can be modeled as having only xˆc.s. and
yˆc.s. components. Indeed, what is needed for our model
are the individual vector components of the field. To do
so, we found that the superposition of a perfectly uniform
B0 = −B0y yˆc.s. field with a sextupole-type field,
Bsext = Q
(
x2c.s. − y2c.s. + 2xc.s.yc.s.
)
xˆc.s.
+Q
(
x2c.s. − y2c.s. − 2xc.s.yc.s.
)
yˆc.s., (1)
provides for a representative model of the |B| non-
uniformity measurements presented in Ref. [30]. This
is illustrated in Fig. 2, where we show our resulting cal-
culated field uniformities, defined to be (|B|−|B0|)/|B0|,
which can be seen are in good agreement with the general
features of the field uniformity map presented in Fig. 1
of Ref. [29]. Here Q denotes a constant whose units are
T m−2; we found Q = −0.63× 10−3 T m−2 provided for
this reasonable agreement.
We also assume azimuthal symmetry for the
quadrupole electric field E, which provides for vertical
confinement of the muons. Thus, as with B, E has only
xˆc.s. and yˆc.s. components, which we model as
Equad = Kxc.s.xˆc.s. −Kyc.s.yˆc.s., (2)
where we define K = ∂Eyc.s./∂yc.s.. Here, the value
of ∂Eyc.s./∂yc.s. was extracted from the field index n =
(R0/vB)(∂Eyc.s./∂yc.s.) [30], where v = βc is the muon
speed. Hereafter, we have used the value n = 0.137,
typical of those listed in Ref. [30].
The muons are, of course, undergoing relativistic cy-
clotron motion around the storage ring with speed βc,
3where β = 0.9994 in the most recent experiment [30].
Superposed on this motion, and in fact central to our
model, is the fact that as the muons circulate in the
ring they undergo betatron oscillations in the (xˆc.s., yˆc.s.)
plane which, following Refs. [9, 30], can be modeled as
xc.s.(t) = xe +Axe
−t/τx cos
(
νx
s
R0
+ δx
)
, (3)
yc.s.(t) = Aye
−t/τy cos
(
νy
s
R0
+ δy
)
. (4)
Here, Ax = rνx and Ay = rνy denote the amplitudes of
the betatron oscillations in the (xˆc.s., yˆc.s.) cross-sectional
plane with r = 45 mm the radius of the beam pipe, xe
denotes some offset (from xc.s. = 0, which would describe
orbital motion in the storage ring at the nominal R0 cy-
clotron radius), and τx,y denote exponential decay time
constants for the betatron oscillations along their respec-
tive directions. As discussed in detail in Refs. [9, 30],
the parameters νx =
√
1− n and νy =
√
n describe the
horizontal and vertical tunes which determine the muons’
betatron oscillations. Also, s denotes the arc length along
the circular orbit; thus, s/R0 = ωct, with ωc the usual
cyclotron frequency. For the sake of simplicity, hereafter
we will assume δx = δy = 0 and xe = 0. These be-
tatron oscillations are, in fact, the source of the time-
dependent transverse magnetic fields experienced by the
muons, leading to the muon transport through the mag-
netic field gradients and quadrupole electric fields.
Putting all of this together, we then write the muon’s
velocity and lab frame electromagnetic fields at the
muon’s instantaneous lab frame position r(t) as
r(t) = [R0 + xc.s.(t)] cos(ωct)xˆ+ yc.s.(t)yˆ − [R0 + xc.s.(t)] sin(ωct)zˆ, (5)
v(t) =
[
vxc.s.(t) cos(ωct)− ωc(R0 + xc.s.) sin(ωct)
]
xˆ+ vyc.s.(t) yˆ −
[
vxc.s.(t) sin(ωct) + ωc(R0 + xc.s.(t)) cos(ωct)
]
zˆ,
(6)
B(t) = Bsext,xc.s.(t) cos(ωct) xˆ+ (Bsext,yc.s.(t)−B0y) yˆ −Bsext,xc.s.(t) sin(ωct) zˆ, (7)
E(t) = Equad,xc.s.(t) cos(ωct) xˆ+ Equad,yc.s.(t) yˆ − Equad,xc.s.(t) sin(ωct) zˆ. (8)
Here, the betatron velocity components vxc.s.(t) and
vyc.s.(t) are calculated by taking time derivatives of
Eq. (3). It should be emphasized that the fields
Bsext(r(t)) and Equad(r(t)) are those at the muon’s
instantaneous position, as defined previously in the
(xˆc.s., yˆc.s.) cross-sectional coordinate system.
The general formalism for calculating the systematic
shift in the spin precession frequency resulting from non-
relativistic particles sampling time-dependent transverse
fields has been presented in Ref. [1]. In order to ap-
ply this formalism to our problem currently at hand,
we now define a reference frame S′ moving with ve-
locity v0(t), defined such that xc.s. = yc.s. = 0 for all
times (i.e., a perfect cyclotron radius; no betatron os-
cillations), v0(t) = −ωcR0 sin(ωct)xˆ − ωcR0 cos(ωct)zˆ.
Thus, in S′, the only motion will be that of the be-
tatron oscillations, which will appear as non-relativistic
transverse oscillations through the magnetic field gradi-
ents and quadrupole electric fields.
The frequency shift δω′ in S′ is then of the form
δω′ =
1
2
( qg
2m
)2 {
Re
[
Szx(ω
′)− Sxz(ω′)
]
+ Im
[
Szz(ω
′) + Sxx(ω′)
]}
, (9)
where the Sij are Fourier transforms of the various 〈· · · 〉
correlation functions between the i, j ∈ {x, z} transverse
fields in S′ [1],
Sij(ω
′) =
∫ ∞
0
eiω
′τ 〈B′i(0)B′j(τ)〉 dτ. (10)
The correlation functions are calculated in the usual way,
〈B′i(0)B′j(τ)〉 = limT→∞ 1T
∫ T
0
B′i(u)B
′
j(u + τ)du where
the integrals du are over the proper time in S′. The field
components in S′, B′(t), are calculated as [31]
B′(t) = γ
(
B(t)− v0 ×E(t)
c2
)
− γ
2
c2(γ + 1)
(v0 ·B(t))v0,
(11)
where B(t) and E(t) are given by Eqs. (7) and (8). The
spin precession frequency in S′ is ω′ = −(qg/2m)B′.
We are ultimately interested in the shift in the spin
precession frequency in the lab frame, as the experiment
probes the difference between the spin precession and
cyclotron lab frame frequencies. The spin precession fre-
quencies in the lab frame, ω, and our S′ frame, ω′, are
related by [31]
ω =
1
γ
ω′ + ωT , (12)
where ωT denotes the Thomas precession term. For our
S′ frame, defined by v0(t), it is straightforward to show
that ωT = − qm γ−1γ B0y yˆ, where γ = 29.3 is the Lorentz
factor in these experiments [30].
4The input parameters to our calculations and our pri-
mary numerical results are summarized in Table I. We
find that the fractional shift to the spin precession fre-
quency in the lab frame is (|δω′|/γ)/|ω| ∼ 1.1 ppm, dom-
inated by the E2 contribution. We emphasize that this
value was obtained within the context of our model which
does not, and of course cannot, capture exactly how this
effect would have manifested itself in the actual analysis
of the data from the experiment. Further, we note that
our calculation was for the case of a single muon trajec-
tory; a detailed simulation of the experiment would, of
course, account for the beam profile and width. Never-
theless, the model provides for an estimate of the scale
of such an effect.
We offer three comments. First, we note that our ap-
proach, in which we model the betatron oscillations in
the two dimensions simultaneously, is similar to that dis-
cussed in Ref. [32]; this appears to be in contrast to the
discussion of the “pitch” and “electric-field” systematic
corrections to the frequency discussed in Ref. [9], in which
the oscillations along the two dimensions are considered
separately. Indeed, we found in our model that the cal-
culated frequency shift with the oscillations considered
separately differed by ∼ 1 ppm from the simultaneous
result. Second, we carried out an alternative calcula-
tion in a frame rotating with v0(t) (i.e., at the nominal
cyclotron frequency) [33, 34]; thus, in this frame, the per-
turbing fields are expressed in the (xˆc.s., yˆc.s., zˆc.s.) basis,
and the precession of the spin in the rotating frame is at
the anomalous frequency. The result, ∼ 1.1 ppm frac-
tional shift in the frequency, was identical. Third, we
note that Eq. (4.32) of Ref. [33] (identical to Eq. (12)
of Ref. [34]) for perturbations to the observed frequency
is equivalent to the Bloch-Siegert-Ramsey shift in NMR
[23, 24, 35, 36] due to sinusoidally time varying pertur-
bation fields. For more complex time dependence, it is
necessary to use the approach employed here.
In conclusion, having taken inspiration from a system-
atic effect observed in the most recent neutron EDM ex-
periment, we have constructed a model to estimate the
scale of a systematic shift in the spin precession frequen-
cies of muons in g − 2 experiments resulting from con-
siderations of their trajectories through electromagnetic
field gradients. Although averaging over trajectories and
the phases δx,y might change the numerical values some-
what, our results suggest that the scale of this frequency
shift may potentially be of relevance. This effect could
be probed in future g − 2 experiments via the use of
vector magnetometers for measurements of the ∂Bi/∂xj
field gradients, as in neutron EDM experiments [37, 38];
detailed electric field modeling or measurements; and by
operating with different electric field tunes, as a means
of amplifying the effect. Our model suggests that consid-
eration of this systematic effect, perhaps together with
considerations of non-Gaussian phase space distributions
for trapped particles moving through field gradients [39],
TABLE I. Values of input parameters, representative of those
presented in Ref. [30], and primary numerical results from our
calculation of the frequency shift.
Input Parameters
B0y 1.45 T Q −0.63× 10−3 T m−2
n 0.137 τx = τy 10
−4 s
R0 7.11 m β 0.9994
r 45 mm
Numerical Results
ωc −4.21× 107 rads Bˆ ω −4.21× 107 rads Bˆ
ωT 1.19× 109 rads Bˆ ω′/γ −1.23× 109 rads Bˆ
|δω′|/γ 46.4 rad
s
could potentially be quite relevant to a critical assess-
ment of results from past and future g − 2 experiments
in terms of beyond Standard Model physics.
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Addendum to arXiv Version
Here we provide a more detailed discussion of our
model.
1 Muon Orbiting in a Uniform Magnetic Field
We begin by reviewing the simple case of a positive
muon, µ+, orbiting in a magnetic field ~B, for which a
schematic is shown in Fig. 3 below. The coordinate sys-
tem shown there is that associated with our “lab frame”.
For now, we will take the field to be perfectly uniform,
~B = ~B0 = −B0y yˆ. (13)
Further, for now we will assume there is no electric field.
The muon’s lab frame velocity can then be written as
~v = ~v0 = −v0 sinφcxˆ− v0 cosφczˆ = c~β, (14)
where v0 = |~v0| = βc and the orbital position φc = |~ωc,0|t
as shown. In general, the cyclotron frequency is given by
~ωc = − q
γm
[
~B − γ
2
γ2 − 1
(
~β × ~E
c
)]
, (15)
so for our initial assumption of no electric field we have
simply |~ωc,0| = qB0y/γm, consistent with Eq. (4.3) of
Ref. [33]. Here γ = 1/
√
1− β2 is the usual Lorentz fac-
tor, and q = e and m denote, respectively, the charge and
mass of the muon. Note that we have, without any loss
of generality, defined t = 0 to correspond to that instant
in time when ~v0 = −v0zˆ.
x
z
y
fc
v0
m+
B0
FIG. 3. Positive muon in a cyclotron orbit in a uniform mag-
netic field.
In terms of the lab frame time t and the lab frame
magnetic field ~B = ~B0, the muon’s spin precession rate,
(d~s/dt)lab, is given by the BMT equation, Eq. (11.170)
of Ref. [31], written in SI units as
6(
d~s
dt
)
lab
=
q
m
~s×
[(
g − 2
2
+
1
γ
)
~B −
(
g − 2
2
)(
γ
γ + 1
)(
~β · ~B
)
~β −
(
g
2
− γ
γ + 1
) ~β × ~E
c
]
. (16)
With ~β · ~B = 0 and ~E = 0, this simplifies to(
d~s
dt
)
lab
=
[
q
γm
+
q
m
(
g − 2
2
)]
~s× ~B (17)
= −
[
q
γm
+
q
m
(
g − 2
2
)]
~B × ~s. (18)
In the usual way, we then define the spin precession fre-
quency in the lab frame, ~ωs,0, to be(
d~s
dt
)
lab
= ~ωs,0 × ~s, (19)
from which it then immediately follows that
~ωs,0 = − q
γm
[
1 + γ
(
g − 2
2
)]
~B0. (20)
Comparing with the cyclotron frequency, we then see the
frequency difference, ~ωc,0 − ~ωs,0, probes the (g − 2)/2
anomaly directly,
~ωc,0 − ~ωs,0 = q
m
(
g − 2
2
)
~B0. (21)
Numerical Values
γ = 29.3
q = 1.602× 10−19 C
m = 105.658 MeV = 1.8835× 10−28 kg
(g − 2)/2 = 11659208.9× 10−10
| ~B0| = 1.45 T
→ |~ωc,0| = 4.2117× 107 rad/s
→ |~ωs,0| = 4.2147× 107 rad/s
Now, let us instead view this from the frame moving
with velocity ~v0. Hereafter, we will call this frame S
′. Let
t′ denote the proper time, and ~B′ the magnetic field in
S′. In general, the relation between the spin precession
rates in the lab frame and S′ can be written, per Eq.
(11.107) of Ref. [31], as(
d~s
dt
)
lab
=
1
γ
(
d~s
dt′
)
S′
+ ~ωT × ~s. (22)
Here, the spin precession frequency in S′ is given, per Eq.
(11.155) of Ref. [31], as(
d~s
dt′
)
S′
= − qg
2m
~B′ × ~s, (23)
and ~ωT is the Thomas precession frequency, a relativis-
tic effect resulting from the influence of the transverse
acceleration due to the fact the S′ frame is rotating. In
general, the Thomas precession frequency can be written,
per Eq. (11.119) of Ref. [31], as
~ωT =
γ2
γ + 1
~a× ~v
c2
, (24)
where ~a is the acceleration in the lab frame. Let us now
determine the form of ~ωT . Starting from
~F = q ~E + q~v × ~B = d~p
dt
=
d
dt
(γm~v) , (25)
we then immediately see
γm
d~v
dt
= γm~a = q ~E + q~v × ~B, (26)
from which it then follows, for ~E = 0, that
~a =
q
γm
~v × ~B. (27)
The Thomas precession frequency then becomes
~ωT =
γ2
γ + 1
1
c2
(
q
γm
~v × ~B
)
× ~v (28)
=
γ
γ + 1
q
mc2
[
−(~v · ~B)~v + (~v · ~v) ~B
]
. (29)
For our case where ~v · ~B = 0, this then simplifies to
~ωT =
γ
γ + 1
q
m
v2
c2
~B (30)
=
q
m
γ
γ + 1
γ2 − 1
γ2
~B (31)
=
q
m
γ − 1
γ
~B. (32)
Note that as γ → 1, |~ωT | → 0, as expected in the non-
relativistic limit. Also note that Eq. (32) is consistent
with Eq. (4.4) of Ref. [33].
Numerical Values
γ = 29.3
q = 1.602× 10−19 C
m = 105.658 MeV = 1.8835× 10−28 kg
| ~B0| = 1.45 T
→ |~ωT | = 1.1928× 109 rad/s
Now, in our frame S′ we then have
~B′ = γ
(
~B − ~v ×
~E
c2
)
= γ ~B, (33)
7as we have ~E = 0. So we then get that the spin precession
frequency in S′ is(
d~s
dt′
)
S′
= − qg
2m
~B′ × ~s (34)
= − qg
2m
γ ~B × ~s. (35)
Define a spin precession frequency in S′, ~ω′s,0, such that(
d~s
dt′
)
S′
= ~ω′s,0 × ~s, (36)
from which it then follows that
~ω′s,0 = −
qg
2m
γ ~B0. (37)
Note that Eqs. (36) and (37) are consistent with
Eq. (4.5) of Ref. [33]. At this point, it is worth noting
that the direction of ~ωT relative to ~B is opposite that
of the directions of ~ωs,0 and ~ω
′
s,0 relative to
~B. This is
consistent with the conceptual notion that the Thomas
precession corresponds to a rotation of the S′ axes in
the opposite direction to that of the spin [33].
Numerical Values
γ = 29.3
q = 1.602× 10−19 C
m = 105.658 MeV = 1.8835× 10−28 kg
(g − 2)/2 = 11659208.9× 10−10
| ~B0| = 1.45 T
→ |~ω′s,0| = 3.61824× 1010 rad/s
We can now check the consistency of the numerical
values entering Eq. (22) above. That is, we should have
~ωs,0 =
1
γ
~ω′s,0 + ~ωT . (38)
For | ~B| = 1.45 T, we have
~ωs,0 = −4.2147× 107 rad
s
Bˆ (39)
1
γ
~ω′s,0 = −1.2349× 109
rad
s
Bˆ (40)
~ωT = +1.1928× 109 rad
s
Bˆ. (41)
The numerical values are seen to be consistent. This
shows how the spin precession rates in the lab frame
and S′ are related to each other. Note that the relative
signs of the vectors in Eqs. (39)–(41) are consistent with
Eq. (4.6) in Ref. [33].
2 Model for the Betatron Oscillations
Now let us consider the betatron oscillations. The left
panel of Fig. 4 shows a cross section of the beam pipe. We
define (xˆc.s., yˆc.s., zˆc.s.) coordinates in this cross section
view. The right panel shows, again, a top view of our pos-
itive muon orbiting in the magnetic field. Note that in the
cross section view, ~v0 is always along −zˆc.s.. As the muon
orbits, the unit vectors (xˆ, yˆ, zˆ) and (xˆc.s., yˆc.s., zˆc.s.) are
related by
xˆc.s. = cosφcxˆ− sinφczˆ, (42)
yˆc.s. = yˆ, (43)
zˆc.s. = sinφcxˆ+ cosφczˆ. (44)
The betatron oscillations are in the (xˆc.s., yˆc.s.) directions
(i.e., in the cross section). Thus, the muon’s total lab
frame velocity is
~v = ~v0 + ~vosc, (45)
where we write the velocity components due to the beta-
tron oscillations as
~vosc = vosc,xxˆc.s. + vosc,y yˆc.s. (46)
= vosc,x (cosφcxˆ− sinφczˆ) + vosc,y yˆ (47)
= vosc,x cosφcxˆ+ vosc,y yˆ − vosc,x sinφczˆ. (48)
Note that ~v0 · ~vosc = 0 is satisfied.
Let us now boost into frame S′. As a reminder, we have
defined this frame such that it is moving with velocity ~v0.
In this frame, the betatron oscillations will then appear
as non-relativistic transverse oscillations. As a result of
this oscillatory motion, the muon will then sample the
(non-uniform) magnetic field and electric field. However,
it is important to note that the Thomas precession of S′
is the same as before, because our boost is still along ~v0,
and not along the muon’s actual velocity ~v (i.e., S′ is not
a “rest frame”, per se). Also note that in our model a
hypothetical particle moving with velocity ~v0 will only
sample the perfectly uniform magnetic field ~B0 and no
electric field.
In S′, the muon will then experience a time-dependent
magnetic field
~B′ = γ
(
~B − ~v0 ×
~E
c2
)
− γ
2
c2(γ + 1)
(
~v0 · ~B
)
~v0, (49)
where this time dependence arises from the muon’s sam-
pling of the non-uniform magnetic and electric fields in
the lab frame due to its betatron oscillations. Written
explicitly,
~B = ~B0 +Bsext,xc.s. xˆc.s. +Bsext,yc.s. yˆc.s.
8= (Bsext,xc.s. cosφc) xˆ+ (−B0y +Bsext,yc.s.) yˆ + (−Bsext,xc.s. sinφc) zˆ, (50)
~E = Equad,xc.s. xˆc.s. + Equad,yc.s. yˆc.s.
= (Equad,xc.s. cosφc) xˆ+ (Equad,yc.s.) yˆ + (−Equad,xc.s. sinφc) zˆ. (51)
We then know ~B′.
3 Calculation of the Frequency Shift
We then calculate the frequency shift in our S′ frame,
δ(ω′s), according to
δ(ω′s) =
1
2
( qg
2m
)2 {
Re
[
Szx(ω
′
s,0)− Sxz(ω′s,0)
]
+ Im
[
Szz(ω
′
s,0) + Sxx(ω
′
s,0)
]}
,
(52)
where
Sij(ω
′
s,0) =
∫ ∞
0
eiω
′
s,0τ 〈B′i(0)B′j(τ)〉 dτ, (53)
is the Fourier transform of the various 〈· · · 〉 correlation
functions between the transverse fields in S′. Note that
the (time) integrals for the correlation functions are over
the proper time t′, related to the lab frame time by the
usual t = γt′. After calculation of δ(ω′s), the spin preces-
sion frequency in S′ is then
ω′s = ω
′
s,0 + δ(ω
′
s) =⇒ ~ω′s = −|ω′s|Bˆ. (54)
We then transform this shifted spin precession frequency
in S′, ~ω′s, to a shifted spin precession frequency in the
lab frame, ~ωs, via Eq. (38),
~ωs =
1
γ
~ω′s + ~ωT , (55)
It is quite interesting to note that, because of the presence
of the Thomas precession term, the fractional shift in
the spin precession frequency in S′ is not equal to the
fractional shift in the spin precession frequency in the
lab frame.
Finally, to obtain the fractional shift in the lab frame
spin precession frequency, we simply compute
Fractional Shift =
|~ωs| − |~ωs,0|
|~ωs,0| . (56)
xc.s.
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FIG. 4. Left panel: Cross section of the beam pipe showing the (xˆc.s., yˆc.s., zˆc.s.) coordinates. Right panel: Top view of positive
muon orbiting in the magnetic field, showing the orientation of the (xˆc.s., yˆc.s., zˆc.s.) coordinates when the muon is at some
orbital position φc.
